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2.  Elementary orbital mechanics
Planets are now known to orbit the sun in an elliptical trajectory with the sun as a focus. Likewise our moon, satellites and manned spacecraft orbit the earth. These also trace an ellipse having apogees and perigees describing the eccentricity of the trajectory.
In this class we will learn how these trajectories are described mathematically to allow prediction of where a planet, moon or spacecraft will be at future times, and so we can determine changes in orbital shape of a spacecraft resulting from rocket engine firings.
It is only very recently in human history that the movement of objects in outer space has been understood. For most of history it was believed that earth was stationary with stars, planets and our moon revolving around us tracing orbits of perfect circles about a central point itself tracing a perfect circle about us. This model of the universe published by Ptolemy a century after Christ’s birth in the Almagest was universally accepted until Copernicus suggested a simpler heliocentric model. Yet this new heliocentric view of heavenly motion would not be adopted until it could be mathematically proven. This historic proof was done by Newton, called by some his Greatest Contribution to Mankind, and won for him the Wren prize. It depends on his concept of gravitational attraction, Galileo’s principle of inertia, and Newton’s and Leibniz’s new mathematical language describing change (the Calculus). We learn how the proof is easily done in Excel using numerical analysis. Once programmed in Excel, the solution can be studied to learn how thruster input alters the trajectory of orbiting spacecraft.
Several thousand years B.C. the Mesopotamians and ancient Egyptians observed the night sky noting the fixed in position stars believed to reside in a huge celestial sphere slowly revolving about earth; and wondering stars (Greeks named them planets), the moon and sun who appeared to revolve around us each embedded in its own sphere. Pythagoras, around 500 B.C. would image sound generated from these movements that he called the music of the spheres.
	Plato a few centuries later challenged his student Eudoxus to describe these motions using circles within circles. A generation later, Hipparchus, refined the geocentric circular orbit model to a complex one based on deferents and epicycles. Ptolemy, 100 years A.D. refined and published Hipparchus’ concept in a manuscript named the Almagest. The Almagest led to a new occupation – wizardry which would be practiced through the Renaissance; court wizards advising royalty on when to do battle based on favorable alignment of the stars. We call this astrology. 

	


2.1 Greek astronomy – development of the perfect mathematical (clockwork) universe, establishes the occupation of wizard.
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Pythagoras, 570-495 BC, music of the spheres
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Plato, 428-348 BC, challenges students to model universe as revolving nested spheres

[image: image14.jpg]



Hipparchus, 190-120 BC, refines model to deferent, epicycles
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Ptolemy, 90-168 AD, publishes working model in Almagest, survives 1500 years

2.2  Renaissance and the Age of Reason, a heliocentric universe
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Copernicus, 1473-1543, Proposed heliocentric system as mathematical convenience
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Tycho Brahe, 1546-1601, greatest naked eye astronomer, detailed observation of Mars
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Johannes Kepler, 1571-1630, studied Tycho's data, trajectory of Mars an ellipse
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Isaac Newton, 1642-1726, proves shape of Mar's orbit with earthly mechanics, wins Wren prize

2.3 The two universe models – geocentric and heliocentric
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	Ancient Ptolemaic model of the universe described n the Almagest based on deferents and epicycles 
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	Modern heliocentric view of our solar system

	Ptolemaic, geocentric model of the universe compared with today's understanding of the solar system.


2.4  Newton's proof
Copernicus's heliocentric view met vigorous resistance among both philosophers and clergy; the first because no parallax was observed as was thought to have been evident if the earth revolved a great distance about the sun, and because it was held to be inconceivable that earth could be moving at great speed though the heavens without people being aware of such motion. (We know now that earth's velocity about the sun is 66 thousand miles per hour!). The clergy held the heliocentric model as heresy that heavenly objects were not in perfect harmony in pure clockwork circularity. Galileo certainly felt their wrath when convicted by the Roman inquisition for supporting Copernicus.
So, even with Kepler's painstaking study of Tycho Brahe's observational position data on Mars that showed (to Kepler) that Mars traversed an elliptical path about the sun (not circular), philosophers and clergy could only accept this as a mathematical representation, but not as reality.
The only way a heliocentric model would be taken as reality would be to apply earth deduced mechanics to show that Mar's orbital behavior  could be predicted – but no one could do it.  Til Newton.
It came about this way. Christopher Wren, famous architect of London, announced he would give a fortune as a prize to anyone proving Kepler based on mechanics. Hooke said he could, but failed. Haley (of comet fame) brought the challenge to Newton, who said, I've already done it! But, in all his mess he couldn't find the manuscript. Well, he said, I'll send it to you. And he did – the world changed! 
Here is how he did it.
2.4.1 Distance, velocity, acceleration and force
A planet in constant motion will continue on in a straight line through space. This is the principle of Galileo, the notion of inertia. So if the planet's motion is curved into an ellipse as Kepler said, the planet must be influenced by a force even if its velocity magnitude stays the same because its direction changes. Newton understood this force must be gravity, accordingly:
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wherein: M is solar mass; m is planetary mass and r is the vector from the sun to the planet. The equality would come much later when the gravitational constant, G, could be determined. In the well known story of Newton’s observation of the falling apple on his mother’s farm, it is widely thought he saw this as the action of gravity; if fact, he already understood gravity, instead he saw the apple as the moon. He pondered the question, what if the moon is falling in gravity toward the earth, but because of its forward motion it always misses colliding with earth thus orbiting it.
Newton also knew (2nd Law) that forces alter velocity in a time interval: 
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2.4.2 Determining acceleration from force components
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Cartesian position (x,y) and force (Fx, Fy) coordinates for Mars orbiting the Sun

Looking at the diagram above, there are two similar triangles: one with sides –y and –x having hypotenuse r, and the other with sides Fy, Fx with hypotenuse |F|. The law of similar triangles tells us that:
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Rearranging terms:
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Since:
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And since the product G times M may be scaled to unity because we are only interested in predicting the shape of Mar’s orbit, we arrive at the expression:
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Similarly for the acceleration in the y direction:
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Everything is now in place for a proof.

2.4.3 Steps of the proof

1. Draw coordinates through the sun, chose a time step, Δt

2. Start with planet at x = -0.5, y = 0.0, vx = 0; vy=1.6 (initial conditions)  

3. Compute ax, ay; multiply by time step to get Δvx, Δvy 
4. Add Δvx, Δvy to vx and vy from the previous step to get new velocities

5. Multiply the new velocities by the time step, Δt  to get Δx, Δy

6. Add Δx, Δy to x, y of the previous step to get the new position at this time step

Loop back and repeat to establish position at each advancing time step.

When finished, plot.
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The iterative Newton solution which proved that mechanics learned in earth observation are applicable for predicting heavenly motion.
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